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Abstract
We study some operations on graphs in relation to the stable set polytope, for instance,
identi/cation of two nodes, linking a pair of nodes by an edge and composition of graphs by
subgraph identi/cation. We show that, with appropriate conditions, the descriptions of the stable
set polytopes associated with the resulting graphs can be derived from those related to the initial
graphs by adding eventual clique inequalities. Thus, perfection and h-perfection of graphs are
preserved. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G=(V; E) be a simple undirected graph. A stable set S ⊆ V is a set of pairwise
non-adjacent nodes in G. The incidence vector of a stable set S is a vector x∈RV
such that x(v)= 1 if v∈ S and x(v)= 0 if v ∈ S. The stable set polytope STB(G) is
the convex hull of incidence vectors of all stable sets of G. The stable set problem,
known to be NP-hard, can be formulated as max{cx : x∈STB(G)}, where c∈RV is
the cost vector. The polytope STB(G) is full-dimensional, thus there is a unique (up
to multiplication by a positive constant) non-redundant inequality system describing
STB(G).
The usual inequalities that are valid for STB(G) and that will be considered later
are the non-negativity constraints
x(v)¿ 0; v∈V (1)
∗ Corresponding author.
E-mail address: hadjar@crt.umontreal.ca (A. Hadjar).
0012-365X/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(01)00273 -4
124 J. Fonlupt, A. Hadjar /Discrete Mathematics 252 (2002) 123–140
which de/ne facets of STB(G) for all v∈V , the clique constraints∑
v∈K
x(v)6 1; K clique of G (2)
that are facet de/ning if and only if K is a maximal clique of G [20] and the odd
hole constraints
∑
v∈C
x(v)6
|C| − 1
2
; C odd hole of G; (3)
where an odd hole is a chordless cycle with at least /ve nodes and a clique is a
complete subgraph.
A graph G is said to be k-colorable if one can color the nodes of G with k colors
such that no two adjacent nodes receive the same color. The graph G is perfect if any
induced subgraph H of G is !(H)-colorable, where !(H) is the size of the largest
clique of H . The strong perfect graph conjecture introduced by Berge [1] states that G
is perfect if and only if neither G nor its complement contains an odd hole. A result due
to Fulkerson et al. (see [16]) characterizes the stable set polytope for perfect graphs:
G is perfect if and only if STB(G) is described by inequalities (1) and (2).
A graph G is h-perfect if STB(G) is described by inequalities (1), (2) and (3).
h-Perfection has been introduced by ChvGatal [7]. The stable set problem is polynomial
for perfect graphs and h-perfect graphs [16].
Since the stable set problem is NP-hard, we cannot expect to /nd a complete de-
scription of STB(G) for all graphs. Many constructive operations of graphs have been
studied in relation to the stable set polytope in order to extend the classes of graphs for
which STB(G) is characterized; for instance, identi/cation of stable sets of size two
[2,4,21], the amalgam operation [5], the clique identi/cation [7], substituting graphs
for nodes [7] and the join operation [7]. These and other composition operations have
been studied from the graph perfection point of view, namely the stable set bonding
[9,22], the complete multi-partite identi/cation [11], the 2-amalgam operation [10], the
clique system identi/cation [13] and the g-amalgam operation [23]. Using appropriate
operations, graphs of many well-known classes (especially classes of perfect graphs
and h-perfect graphs) can be built starting from a restricted list of basic graphs. This
is the case for graphs with no W4 minor [3], Meyniel graphs [5], parity graphs [6],
claw free graphs [8], diamond-free perfect graphs [13], planar perfect graphs [18] and
more recently graphs with no bad-K4 [15]. This technique has provided polynomial
time algorithms for recognizing these classes of graphs.
In this paper, we study the polyhedral consequences of the following operations on
graphs: identi/cation of two non-adjacent nodes, linking a pair of non-adjacent nodes
by an edge and composition of two graphs by subgraph identi/cation. We show that,
when some conditions (on the parity of some minimal paths) are considered, we can
derive descriptions of the stable set polytopes associated with the resulting graphs (ob-
tained by the previous operations) from the descriptions related to the initial graphs
by substituting some variables for others or by adding some clique constraints. Con-
sequently, perfection and h-Perfection of graphs are preserved. The studied operations
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even preserve the membership in the class of graphs for which the stable set polytope
is given by non-negativity constraints, maximal clique constraints and a certain further
class of constraints (e.g., rank constraints, see [14]).
The rest of this section is devoted to more de/nitions and notations. We will denote
by G(A), where A ⊂ V , the subgraph of G induced by the nodes of A. If G1 and
G2 are subgraphs of G then G(G1 ∪ G2) will denote the subgraph of G induced by
the nodes of G1 and G2. We shall denote by G\W and G\F the subgraphs obtained
from G by removing the node-set W and the edge-set F , respectively. Also, V (G) and
E(G) will denote, respectively, the node-set and the edge-set of G. We will say that
a subgraph H is a disconnecting subgraph of a connected graph G if G\V (H) is not
connected.
For a node v of G, NG(v) will be the neighborhood of v in G. A path will be called
minimal if it is an induced subgraph of G. The length of a given path is the number
of edges of this path. We shall say that a path is even (resp. odd) if its length is even
(resp. odd). Let u and v be two non-adjacent nodes of G. Nodes u and v form an even
(resp. odd) pair of G if all minimal paths of G linking u and v are even (resp. odd).
If u and v are in diIerent connected components of G then, by convention, they form
an even pair. We will say that u and v form a weak odd pair if all even minimal paths
of G with end-nodes u and v are of length two. Note that an odd pair of G is also
a weak odd pair. We will say that u and v form a two-pair if any minimal path that
links u and v in G is of length two. Thus, a two-pair is, at the same time, an even
pair and a weak odd pair.
Finally, let Jx be a point of STB(G). The support of Jx is the subgraph of G induced by
the set {v∈V (G): Jx(v)¿ 0}. If W is a subset of nodes of G then Jx(W )=∑w∈W Jx(w).
In what follows, we will not distinguish a stable set of G from its incidence
vector.
2. Identication of even pairs
Let G=(V; E) be a graph and let v1 and v2 be two nodes of V that form an even
pair of G. We denote by G′ the graph obtained from G by identifying v1 and v2 into
a node v and by deleting the resulting parallel edges. We shall say that G′ is obtained
from G by identi/cation of an even pair. Note that, in the literature, this operation is
often called contraction of an even pair.
It is well-known that this operation preserves the k-colorability of graphs; this means
that if G is k-colorable then G′ does so (see [9]). Fonlupt and Uhry [12] prove that
this identi/cation is also a perfection preserving operation, that is if G is perfect then
G′ is also perfect.
In Theorem 1 below, we will show the polyhedral consequences of the identi/cation
of an even pair. This operation will be considered as an elementary operation in the
next sections. We now introduce the following lemma which will also be used in
Section 4.
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Lemma 1. Let G=(V; E) be a graph and Jx be a {0; 12 ; 1}-vector of STB(G). Let
U ⊆ V such that; ∀u∈U; Jx(u)= 12 .
(i) If each pair of nodes of U is an even pair of the support of Jx then Jx is the
half-sum of two extreme points Jx1 and Jx2 of STB(G) such that Jx1(U )= |U | and
Jx2(U )= 0.
(ii) If U consists of two nodes u1 and u2 that form an odd pair; or are in di@erent
connected components; of the support of Jx then Jx is the half-sum of two extreme
points Jx1 and Jx2 of STB(G) such that Jx1(u1)= Jx2(u2)= 1 and Jx2(u1)= Jx1(u2)= 0.
Proof. Let V t = {w∈V : x(w)= t}, t= 12 ; 1. First since, for any odd cycle C of G,
inequality (3) is valid for STB(G) [20], G(V 1=2) is bipartite. Next, because any two
nodes of U (resp. u1 and u2) form an even pair (resp. an odd pair or are in diIerent
connected components) of G(V 1=2), V 1=2 can be partitioned into W 1 ∪ W 2 such that
W 1 and W 2 are stable sets of G(V 1=2) and U ⊂ W 1 (resp. u1 ∈W 1 and u2 ∈W 2).
Moreover, as clique constraints are valid for STB(G), S1 =W 1∪V 1 and S2 =W 2∪V 1
are stable sets of G. Hence the incidence vectors Jx1 and Jx2, of S1 and S2 respectively,
satisfy conditions (i) and (ii).
Theorem 1. Let G=(V; E) be a graph with an even pair v1; v2. Let G′ denote the
graph obtained from G by identifying v1 and v2 into v. Then STB(G′) is described
by the inequality system deAning STB(G) in which x(v) is substituted for x(v1) and
x(v2).
Proof. Let P be the polytope de/ned as follows:
P=STB(G) ∩ {x∈RV : x(v1)= x(v2)}: (4)
First of all, note that every extreme point of STB(G′) corresponds to an integer extreme
point of P and vice versa.
Suppose that P has a fractional extreme point Jx. As P is the intersection of a polytope
and a hyperplane, Jx is on an edge of STB(G). Hence, there exist a positive scalar 
and two diIerent extreme points x1 and x2 of STB(G) such that Jx= x1 + (1 − )x2,
x1(v1) = x1(v2) and x2(v1) = x2(v2). Since Jx(v1)= Jx(v2), = 12 .
Because v1 and v2 form an even pair of G, Lemma 1 implies that Jx is the half-sum
of two extreme points Jx1 and Jx2 of STB(G) such that Jx1(v1)= Jx1(v2)= 1 and Jx2(v1)=
Jx2(v2)= 0. But since Jx1 and Jx2 are two diIerent points of P, this contradicts the fact
that Jx is an extreme point of P.
Corollary 1. Let G and G′ be the graphs of Theorem 1: If G is h-perfect (resp.
perfect) then G′ is h-perfect (resp. perfect).
Proof. Clearly, every clique of G is a clique of G′. Conversely, consider a clique
K of G′. If v ∈ K then K is a clique of G. If v∈K then (K\{v}) ∪ {v1} and=or
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Fig. 1. (a) The graph G. (b) The graph G′ obtained from G by identifying w′1 and w
′′
1 into w1.
(K\{v}) ∪ {v2} are cliques of G since otherwise there would exist two nodes u1 and
u2 of K such that NG(u1) ∩ {v1; v2}= {v1} and NG(u2) ∩ {v1; v2}= {v2} and hence
the path induced by v1, v2, u1 and u2 would be minimal and odd; however, this is
impossible since v1 and v2 form an even pair of G.
Also, as v1 and v2 form an even pair of G, every odd hole of G′ is an odd hole
of G. Let C be an odd hole of G. Trivially, C contains at most one of the two nodes
v1 and v2. Then C is either an odd hole of G′ or an odd cycle with some chords
(when C contains v1 and some neighbors of v2). Note that, in this latter case, the odd
hole constraint of the inequality system de/ning STB(G) associated with C becomes,
according to Theorem 1, redundant after replacing x(v1) and x(v2) by x(v).
To end this section, observe that if v1 and v2 do not form an even pair then
Theorem 1 and Corollary 1 do not hold. In fact, consider the perfect graph G of
Fig. 1(a) whose vertices w′1 and w
′′
1 form an odd pair. STB(G) is de/ned by non-
negativity constraints and inequalities associated to the /ve maximal cliques of G. The
substitution of x(w1) for x(w′1) and x(w
′′
1 ) in the system describing STB(G) does not
produce the odd wheel constraint
2x(w0) +
5∑
i=1
x(wi)6 2 (5)
which is facet de/ning for STB(G′), where G′ is the (non-h-perfect) graph given in
Fig. 1(b) and obtained from G by identi/cation of w′1 and w
′′
1 into w1.
3. Composition by subgraph identication
Let G1 = (V1 ∪ VH ; E1 ∪ EH ) and G2 = (V2 ∪ VH ; E2 ∪ EH ) be graphs such that
H =(VH ; EH ) is an induced subgraph of G1 and G2. Let G=(V; E) be the graph such
that V =V1 ∪ V2 ∪ VH and E=E1 ∪ E2 ∪ EH . We shall say that G is the composed
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graph of G1 and G2 obtained by subgraph identi/cation and we shall denote it by
G=G1HG2.
When H is induced by a stable set of size two, Barahona and Mahjoub [2] show that,
to describe STB(G), one may need many non-trivial inequalities such that the support
of each one of them intersects both V1 and V2. Nevertheless, ChvGatal [7] proves that if
H is a clique then the inequality system that de/nes STB(G) is obtained by taking the
union of the inequality systems that de/ne STB(G1) and STB(G2). In what follows,
we shall show that ChvGatal’s result holds for any subgraph H provided G1 and G2
satisfy some appropriate conditions.
A path L of Gi, i∈{1; 2}, with end-nodes v1 and v2 is called direct if V (L) ∩
VH = {v1; v2}. The graph Gi, i∈{1; 2}, is said to be H -connected if for each pair of
non-adjacent nodes u and v of VH there exists a direct path linking u and v in Gi.
We say that G1 and G2 are compatible on H if:
(i) G1 and G2 are H -connected;
(ii) Any pair of non-adjacent nodes of VH is either even or odd in both graphs G1
and G2.
Note that if a graph G has a minimal disconnecting subgraph H then G is the
composed graph of two H -connected graphs, say G=G1HG2. Indeed, assume that
G1 is not H -connected, that is, there exist two non-adjacent nodes v1 and v2
of H which are not linked by a direct path in G1. Hence the subgraph of H induced
by V (H)\{v2} is a disconnecting subgraph of G. But this contradicts the minimality
of H .
Therefore, the /rst condition of the above de/nition makes no strong restriction in
what follows since a graph with a disconnecting subgraph has a minimal disconnecting
subgraph. Furthermore if the second condition is satis/ed with respect to a subgraph
H , it is also satis/ed with respect to any subgraph of H .
A result of Corneil and Fonlupt [9] states that if H is induced by a stable set and
if G1 and G2 are perfect graphs compatible on H then G is also perfect. For showing
this result they prove that, under the same hypothesis, the operation H produces no
odd hole (it means that any odd hole of G is an odd hole of either G1 or G2). Note
that if G1 and G2 are two given compatible graphs on H then no two non-adjacent
nodes of H lie on an odd hole entirely included in G1 or in G2 since they form either
an even pair or an odd pair in both graphs. With this simple remark, the intermediate
result of Corneil and Fonlupt and its proof remain true for non-perfect graphs; we state
it as follows:
Theorem 2 (Corneil and Fonlupt [9]). If G1 and G2 are compatible graphs on H and
if H is induced by a stable set then the operation H produces no
odd hole.
The following theorem extends the above one for any subgraph H .
J. Fonlupt, A. Hadjar /Discrete Mathematics 252 (2002) 123–140 129
Fig. 2. (a) The hole C of G1HG2. (b) The hole C˜ of G˜1H ′ G˜2.
Theorem 3. If G1 and G2 are compatible graphs on H then the operation H produces
no odd hole.
Proof. Suppose that the operation H produces an odd hole C. Since C is not entirely
contained neither in G1 nor in G2, E(C) ∩ E1 = ∅ and E(C) ∩ E2 = ∅.
Hence, G(C∩H) is not connected and each of its connected components is a minimal
path (we consider isolated nodes as paths whose end-nodes coincide). These paths are
of three types (see Fig. 2(a)):
• Type I: paths with one end-node incident with an edge of E(C) ∩ E1 and the other
one with an edge of E(C) ∩ E2;
• Type II: paths whose end-nodes are incident with edges of E(C) ∩ E1;
• Type III: paths whose end-nodes are incident with edges of E(C) ∩ E2.
Since C is a hole such that E(C) has non-empty intersection with both E1 and E2,
G(C ∩ H) has a non-zero even number, say k, of paths of Type I.
Let us denote by si, i=1; : : : ; k, the end-node of the ith path of G(C ∩ H) of
Type I which is incident with an edge of E(C) ∩ E2. Let S = {s1; s2; : : : ; sk}. From
the fact that H is an induced subgraph and that no two nodes of S are in a same
connected component of G(C ∩H), S is a stable set of G1 and G2 of size at least two
(see Fig. 2).
Obviously, as S ⊆ VH and G1 and G2 are compatible on H , G1 and G2 are also
compatible on the subgraph H ′ induced by S.
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Let G˜l, l=1; 2, be a copy of the graph Gl in which we denote each node v of
VH\S by vl. Obviously, G˜1 and G˜2 are compatible on H ′. Let C′=C(V (C)\VH ) and
let:
A1 be the set of paths of G˜1 which correspond to the paths of G(C ∩ H) of Type I;
A2 be the set of paths of G˜1 which correspond to the paths of G(C ∩ H) of Type II;
A3 be the set of paths of G˜2 which correspond to the paths of G(C ∩H) of Type III.
Consider the graph G˜= G˜1H ′G˜2. Denote by C˜ the subgraph of G˜ induced by the
nodes of C′, A1, A2 and A3. Hence C˜ is a hole of G˜ which has the same size as C
and whose arc-set intersects both of the arc-sets of G˜1 and G˜2 (see Fig. 2(b)). Thus
C˜ is an odd hole produced by H ′ . But this contradicts Theorem 2 since G˜1 and G˜2
are compatible on the subgraph induced by the stable set S.
Let vi1 ; vi2 ; : : : ; vih be any ordering on the nodes of H . For j=0; : : : ; h − 1, let H (j)
denote the subgraph of H induced by {vi1 ; vi2 ; : : : ; vij} and let G( j)l , l=1; 2, be a copy
of the graph Gl in which we denote nodes vij+1 ; : : : ; vih by v
l
ij+1 ; : : : ; v
l
ih .
We consider a sequence of graphs G(0); G(1); : : : ; G(h) such that
G(j) =


(V (G(0)1 ) ∪ V (G(0)2 ); E(G(0)1 ) ∪ E(G(0)2 )) if j=0;
G( j)1 H (j)G
( j)
2 if 16 j6 h− 1;
G if j= h:
Clearly, if G1 and G2 are compatible on H then for any j, 16 j6 h − 1, G( j)1 and
G( j)2 are compatible on H
(j).
An ordering vi1 ; vi2 ; : : : ; vih on the nodes of H is said to be good if for any j,
06 j6 h− 1, the nodes v1ij+1 and v2ij+1 form an even pair of the graph G(j).
Corollary 2. If G1 and G2 are compatible on H then all the orderings on the nodes
of H are good.
Proof. Let vi1 ; vi2 ; : : : ; vih be an ordering on the nodes of H and let G
(0); G(1); : : : ; G(h)
be the sequence of graphs corresponding to this ordering. Obviously v1i1 and v
2
i1 form
an even pair of G(0). Assume that there exists j, 06 j6 h − 1, such that nodes v1ij+1
and v2ij+1 do not form an even pair of G
(j), that is, there exists an odd minimal path
L of G(j) joining these two nodes. Recall that the graph G(j+1) is obtained from G(j)
by identi/cation of nodes v1ij+1 , v
2
ij+1 into vij+1 . Thus the path L gives rise to an odd
hole in G(j+1). By Theorem 3 applied to G(j+1) (where G(j+1) =G( j+1)1 H (j+1)G
( j+1)
2 ),
graphs G( j+1)1 and G
( j+1)
2 are not compatible on H
(j+1) and hence G1 and G2 are not
compatible on H , a contradiction.
Corollary 3. Let G1 and G2 be two compatible graphs on H and let G=G1HG2.
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Then:
• STB(G)=STB(G1) ∩ STB(G2) (i.e.;STB(G) is described by the union of the two
inequality systems deAning STB(G1) and STB(G2)).
• If G1 and G2 are perfect (resp. h-perfect) (resp. k-colorable) then G is perfect
(resp. h-perfect) (resp. k-colorable).
Proof. Let vi1 ; vi2 ; : : : ; vih be any ordering on the nodes of H and let G
(0); G(1); : : : ; G(h)
be the sequence of graphs corresponding to this ordering. By Corollary 2, this order-
ing is good. Hence since each graph G(j), 16 j6 h, can be obtained from G(j−1)
by even pair identi/cation, Corollary 3 follows immediately from Theorem 1 and
Corollary 1.
When H is a clique, the graphs G1 and G2 are compatible on H and then the
theorem of ChvOatal [7] is a special case of the /rst statement of Corollary 3. Parity
graphs are those graphs where any pair of non-adjacent nodes is either even or odd.
These graphs are perfect [6] and their perfection can be deduced immediately from
Corollary 3 since any parity graph which is not a clique has a minimal disconnecting
subgraph H and can then be obtained by subgraph identi/cation from two parity graphs
compatible on H . However, note that the composition of two compatible parity graphs
does not always yield a parity graph.
As pointed out by Corneil and Fonlupt [9], determining whether two given graphs
G1 and G2 with a stable set S are compatible on the subgraph induced by S is an
NP-hard problem, and if G1 and G2 are perfect then any polynomial time algorithm
that recognizes perfect graphs would imply a polynomial time algorithm for that prob-
lem. Corneil and Fonlupt [9] introduce a composition operation (based on the stable
set identi/cation) that preserves graph perfection and that allows not to check the com-
patibility of G1 and G2 on the subgraph induced by S. Corollary 4 below shows that
Corollary 3 yields an extension of this perfection preserving operation. For this we
need the following lemma.
A graph G?=(W ∪VH ; F ∪EH ) is said to be valid with respect to H =(VH ; EH ) if
(i) H is an induced subgraph of G?;
(ii) G? is H -connected;
(iii) no triangle of G? intersects both VH and W .
Lemma 2. Let G and G? be graphs with an induced subgraph H and let Gˆ=GHG?.
Assume that Gˆ is perfect. If G? is valid with respect to H then any pair of non-
adjacent nodes of H is either an even pair or an odd pair of G.
Proof. Suppose that G has two minimal paths L1 and L2 of distinct parities linking
two non-adjacent nodes u and v of H . As G? is H -connected, there exists a mini-
mal direct path L3 of G? linking u and v. Assume that L1 and L3 have distinct
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Fig. 3. G=G1HG2.
parities. The subgraph C = Gˆ(L1 ∪ L3) is an odd cycle of Gˆ. Since Gˆ is perfect,
there is no odd hole. Thus C must contain chords and, consequently, G? contains a
triangle that intersects both VH and W . Thus G? is not valid with respect to H , a
contradiction.
Corollary 4. Let G1; G2 and G? be graphs with an induced subgraph H and let
Gˆ1 =G1HG?; Gˆ2 =G2HG? and G=G1HG2. Assume that G1 and G2 are H -
connected and that Gˆ1 and Gˆ2 are perfect graphs. If G? is valid with respect to H
then the graph G is perfect.
Proof. Let u and v be non-adjacent nodes of H . By Lemma 2, u and v form either
an even pair or an odd pair of G1 (resp. G2). Let L1 (resp. L2) be a minimal path of
G1 (resp. G2) with end-nodes u and v. Let L3 be a minimal direct path of G? linking
u and v. As Gˆ1, Gˆ2 have no odd hole, the cycles Gˆ1(L1 ∪ L3) and Gˆ2(L2 ∪ L3) must
be even and then L1 and L2 are of same parity. So G1 and G2 are compatible on H .
Hence, the result follows from Corollary 3.
Theorem 3 shows that if two graphs G1 and G2 are compatible on H then the
operation H does not produce odd holes and then, by Corollary 2, all the orderings
on the nodes of H are good. However, it may happen that the operation H does not
produce neither odd holes nor odd anti-holes but all the orderings on the nodes of
H are not good. In fact, the graphs G1, G2 and G=G1HG2 of Fig. 3 are perfect
and all the orderings on the elements of VH are not good (clearly G1 and G2 are not
compatible on H). To see this, let vi1 ; vi2 ; vi3 ; vi4 be any ordering, on the nodes of H ,
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denoted by O. Assume, without loss of generality, that i1 = 1. Let G(0); G(1); : : : ; G(4)
be the graphs associated with O (see the de/nition of good orderings). It is easy to
check that the pair v12; v
2
2 is even in G
(1) while none of the two other pairs v13; v
2
3 and
v14; v
2
4 is. So if O is good then i2 must be 2. However, pairs v
1
3; v
2
3 and v
1
4; v
2
4 are not
even in G(2) and hence O is not good.
Yet when H is induced by a stable set, good orderings may exist in some situations
where the operation H does not produce odd holes. While studying k-colorability of
graphs, Tucker [22] proved the following result
Theorem 4 (Tucker [22]). Let G1 and G2 be graphs with an induced subgraph H and
let G=G1HG2. If H is induced by a stable set and no node of H lies on an odd
hole of G then there exists a good ordering on the nodes of H .
This yields the corollary below.
Corollary 5. Let G1; G2 be graphs with an induced subgraph H and let G=G1HG2.
If H is a stable set and no node of H lies on an odd hole of G then Corollary 3
holds.
Proof. Similar to that of Corollary 3.
For more details on good orderings, the reader may refer to [17].
4. Addition of an edge
This section is devoted to the polyhedral consequences of an elementary operation
which consists of adding a new edge to a given graph G=(V; E). Let v1 and v2 be
non-adjacent nodes of G. We shall denote by G˜ the graph obtained from G by adding
the edge e=(v1; v2). In other words, G˜=(V; E ∪ {e}).
From Theorem 1, it follows that if v1 and v2 form an odd pair of G then STB(G˜)=
STB(G) ∩ {x∈RV : x(v1) + x(v2)6 1}. Indeed, we may consider the auxiliary graph
JG=(V ∪ {v′2}; E ∪ {(v1; v′2)}) and get G˜ from JG by identifying the even pair v2, v′2;
thus the result follows by two consecutive applications of Theorem 1. This is also a
direct consequence of the following theorem.
Theorem 5. Let G=(V; E) be a graph. Let v1 and v2 be two nodes that form a weak
odd pair of G such that NG(v1) ∩ NG(v2) induces a clique K of G. Let G˜ denote the
graph obtained from G by adding the edge (v1; v2). Then
STB(G˜)=STB(G) ∩ {x∈RV : x(K) + x(v1) + x(v2)6 1}: (6)
Proof. Let P be the polytope de/ned as follows:
P=STB(G) ∩ {x∈RV : x(K) + x(v1) + x(v2)6 1}: (7)
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First note that STB(G˜) ⊆ P. Suppose now that there exists an extreme point Jx of P
which does not belong to STB(G˜). As every integer point of P corresponds to a stable
set of G˜, Jx is fractional. Moreover as Jx is not an extreme point of STB(G), it must
belong to the hyperplane {x∈RV : x(K) + x(v1) + x(v2)= 1}. Then Jx is an extreme
point of the intersection of STB(G) and a hyperplane and hence Jx is on an edge of
STB(G). Thus, there exist a positive scalar  and two diIerent extreme points x1 and
x2 of STB(G) such that
Jx= x1 + (1− )x2;
x1(K) + x1(v1) + x1(v2)¡ 1;
x2(K) + x2(v1) + x2(v2)¿ 1: (8)
So, by system (8), we have
x1(K)= x2(K)= 0;
x1(v1)= x1(v2)= 0;
x2(v1)= x2(v2)= 1: (9)
It follows that = 12 and Jx(v1)= Jx(v2)=
1
2 . In addition, since Jx(K)= 0, either v1 and v2
form an odd pair of the support of Jx or they are in two diIerent connected components.
Therefore, by Lemma 1, there exist two diIerent extreme points Jx1 and Jx2 of STB(G)
such that Jx1 and Jx2 belong to P and Jx= 12( Jx
1 + Jx2). But this implies that Jx is not an
extreme point of P, a contradiction.
Corollary 6. Let G and G˜ be the graphs of Theorem 5. If G is h-perfect (resp.
perfect) then G˜ is h-perfect (resp. perfect).
Proof. It is easy to check that all maximal cliques of G˜ except K ∪ {v1; v2} are
also maximal in G. Conversely, any maximal clique of G which is not contained in
K ∪ {v1; v2} is also maximal clique of G˜. On the other hand, since all even paths
linking v1 and v2 are of length two, all odd holes of G are odd holes of G˜ and vice
versa.
Note that if NG(v1) ∩ NG(v2) does not induce a clique of G then Theorem 5 does
not hold. Indeed, if we consider the graph G′ of Fig. 1(b) then the nodes w0 and
w1 form a weak odd pair (more precisely they form a two pair) of G′\{(w0; w1)};
however, inequality 5 is facet de/ning for STB(G′) and is not valid for
STB(G′\{(w0; w1)}).
We now turn our attention to the case where v1 and v2 form a two-pair of G.
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Theorem 6. Let G=(V; E) be a graph with two nodes v1 and v2 such that
(i) v1 and v2 form a two pair of G;
(ii) any two non-adjacent nodes of NG(v1) ∩ NG(v2) form an even pair of G;
(iii) the connected components of G(NG(v1) ∩ NG(v2)) are cliques denoted
K1; K2; : : : ; Ks.
Let G˜ denote the graph obtained from G by adding the edge (v1; v2). Then
STB(G˜)=STB(G) ∩ {x∈RV : x(v1) + x(v2) + x(Ki)6 1; i=1; : : : ; s}: (10)
Proof. The gist of the proof is to decompose the graph G˜ into two graphs G1 and
G2 then to recompose it again iteratively, from G1 and G2, and prove Eq. (10) by
induction.
Let e=(v1; v2), N =NG(v1) ∩ NG(v2) and N = {u1; u2; : : : ; un}. Note that G(N ) is
a disconnecting subgraph of G and consider the graphs G1 =G(V1 ∪ N ∪ {v1}) and
G2 =G(V2 ∪ N ∪ {v2}), (V1 and V2 may be empty). Hence G˜ can be obtained from
G1 and G2 by subgraph identi/cation (with respect to G(N )) and by adding edge e.
Observe that G1 and G2 are G(N )-connected since any two non-adjacent nodes of N
are both of them adjacent to v1 and v2. Furthermore, each pair of non-adjacent nodes
of N is an even pair of both G1 and G2. Hence G1 and G2 are compatible on G(N )
and, by Corollary 2, STB(G)=STB(G1) ∩ STB(G2). So one can derive easily two
inequality systems describing STB(G1) and STB(G2) from that de/ning STB(G).
Let G(0)j , j=1; 2, be a copy of Gj in which we denote vertices u1; u2; : : : ; un by
uj1; u
j
2; : : : ; u
j
n and N by Nj. Obviously, the description of STB(Gj) is derived from that of
STB(Gj) just by substituting variables x(u
j
1); x(u
j
2); : : : ; x(u
j
n) for x(u1); x(u2); : : : ; x(un).
Let G(0) denote the graph obtained from G(0)1 and G
(0)
2 by identi/cation of u
1
1 and u
2
1
into u1. According to Corollary 2, STB(G(0)) is described by the union of the two
inequality systems de/ning STB(G(0)1 ) and STB(G
(0)
2 ) in which x(u1) is substituted
for x(u11) and x(u
2
1). Let G
(1) =G(0) ∪ {e}. As v1 and v2 form a weak odd pair and
their common neighborhood in G(0) induces a clique (i.e., {u1}), it follows from
Theorem 5 that
STB(G(1))=STB(G(0)) ∩ {x∈RV (G(0)): x(v1) + x(v2) + x(u1)6 1}: (11)
Now, we de/ne a sequence of graphs G(2), G(3); : : : ; G(n) such that for any l, 26 l6 n,
G(l) is obtained from G(l−1) by identi/cation of u1l and u
2
l into u1. Thus G˜=G
(n).
Let M (l) = {u1; u2; : : : ; ul} and N (l)i = {uil+1; : : : ; uin}, l=1; : : : ; n, i=1; 2. Let l such
that 26 l6 n. Denote by Q= {q1; q2; : : : ; q|Q|} the common neighborhood of u1l and u2l
in G(l−1) (Q may be empty). Clearly Q ⊆ M (l−1) and, since the connected components
of G(N ) are cliques, Q is a clique. Hence, to prove Eq. (10), we just need to prove
that STB(G(l)), 26 l6 n, is described by the inequality system de/ning
STB(G(l−1)) ∩ {x∈RV (G(l−1)): x(v1) + x(v2) + x(ul) + x(Q)6 1} (12)
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in which we replace x(u1l ) and x(u
2
l ) by x(ul). Note that, inequalities associated with
non-maximal cliques do not de/ne facets of the stable set polytope.
Now, we need the following claim.
Claim 1. Any two non-adjacent nodes of M (l−1) ∪ {u1l ; u2l} form an even pair of
G(l−1)\{e}.
Proof. Let L be a minimal path of G(l−1)\{e} linking two non-adjacent nodes of
M (l−1) ∪ {u1l} (resp. M (l−1) ∪ {u2l}). Clearly, L is a concatenation of minimal paths
L1; : : : ; Lt (possibly t=1) such that each one of them corresponds to a minimal path
of either G1 or G2 linking non-adjacent nodes of N . Hence as any pair of non-adjacent
nodes of N is even in G1 and in G2, the paths L1; : : : ; Lt are even and thus L is even.
Also, observe that the graphs G(l)(V1 ∪ N (l)1 ∪M (l)) and G(l)(V2 ∪ N (l)2 ∪M (l)) are
compatible on G(l)(M (l)) since any pair of non-adjacent nodes of M (l) is even in both
graphs. By Theorem 3, all the orderings on the nodes of M (l) are good. Therefore u1l
and u2l form an even pair of G
(l−1)\{e}.
Let P denote the polytope STB(G(l−1)) ∩H1 ∩H2, where
H1 = {x∈RV (G(l−1)): x(v1) + x(v2) + x(u1l ) + x(Q)6 1}; (13)
H2 = {x∈RV (G(l−1)): x(u1l )= x(u2l )}: (14)
Note that any stable set of G(l) corresponds to an integer point of P and vice versa.
Suppose that P has a fractional extreme point Jx. As Jx belongs to STB(G(l−1)),
there exist at least two diIerent extreme points x1; x2; : : : ; xk of STB(G(l−1)) and k
non-negative scalars 1; 2; : : : ; k such that
∑k
i=1 i =1 and Jx=
∑k
i=1 ix
i. Let i and
j such that 16 i = j6 k, i ¿ 0 and j ¿ 0. There exists w∈Q ∪ {v1; v2; u1l ; u2l} such
that xi(w) = xj(w). For otherwise Jx− jxj + jxi would be a point of P diIerent from
Jx and would satisfy as equalities all the inequalities of the system de/ning STB(Gl−1)
that are satis/ed as equalities by Jx. But this contradicts the fact that Jx is an extreme
point of P. Hence k = |Q|+8 and the projections of x1; x2; : : : ; x|Q|+8 on RQ∪{v1 ; v2 ; u1l ;u2l}
are given in the following array:
i
xi(q1)
...
xi(q|Q|)
xi(v1)
xi(v2)
xi(u1l )
xi(u2l )
1 2 3 4 5 6 7 8 9 · · · |Q|+ 8
0 0 0 0 0 0 0 0 1 · · · 0
...
...
...
...
...
...
...
...
...
. . .
...
0 0 0 0 0 0 0 0 0 · · · 1
0 0 1 0 1 0 0 0 0 · · · 0
0 1 0 0 0 0 1 0 0 · · · 0
0 0 0 0 0 1 1 1 0 · · · 0
0 0 0 1 1 0 0 1 0 · · · 0
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Consequently, we have the following system:
Jx(qj)= 8+j; qj ∈Q;
Jx(v1)= 3 + 5;
Jx(v2)= 2 + 7;
Jx(u1l )= 6 + 7 + 8;
Jx(u2l )= 4 + 5 + 8;
|Q|+8∑
i=1
i =1;
i¿ 0; i=1; : : : ; |Q|+ 8: (15)
Claim 2. Jx(v1) + Jx(v2) + Jx(u1l ) + Jx(Q)= 1.
Proof. Assume that
Jx(v1) + Jx(v2) + Jx(u1l ) + Jx(Q)¡ 1: (16)
Thus Jx is an extreme point of the polytope STB(G(l−1))∩H2 and, consequently, Jx is
on an edge of STB(G(l−1)). Then Jx is a convex combination of two diIerent extreme
points of STB(G(l−1)) that do not belong to H2. It follows from system (15) and
inequality (16) that Jx= 12x
4 + 12x
6.
As Jx(v1)= Jx(v2)= 0, Claim 1 implies that u1l and u
2
l form an even pair of the support
of Jx. Therefore, by Lemma 1, there exist two diIerent extreme points Jx1 and Jx2 of
STB(G(l−1)) ∩H2 such that Jx= 12( Jx1 + Jx2), a contradiction.
From Claim 2 and system (15), we get the following system
7 = 1 + 4;
5 = 1 + 6 (17)
and we can then decompose Jx as follows:
Jx= 31( 13x
1 + 13x
5 + 13x
7) + 2x2 + 3x3 + 24( 12x
4 + 12x
7)
+26( 12x
5 + 12x
6) +
|Q|+8∑
i=8
ixi; (18)
where the vectors ( 13x
1 + 13x
5 + 13x
7), x2, x3, ( 12x
4 + 12x
7), ( 12x
5 + 12x
6), x8; : : : ; x|Q|+8
belong to P (since they belong toH1∩H2) and 31+2+3+24+26+
∑|Q|
i=8 i =1.
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Claim 3. Jx= 13x
1 + 13x
5 + 13x
7.
Proof. According to Eq. (18), 2 = 3 = 8 = · · ·= |Q|+8 =0 and exactly one scalar
among 1, 4, and 6 must be non-zero. Since otherwise, Jx would be a convex com-
bination of diIerent vectors of P which is impossible because Jx is an extreme point
of P.
If Jx= 12x
4 + 12x
7 (resp. Jx= 12x
5 + 12x
6) then Jx(v1)= 0 (resp. Jx(v2)= 0) which means
that the edge e does not belong to the support of Jx. But, in this case, Claim 1 implies
that u1l and u
2
l form an even pair of the support of Jx and that, by Lemma 1, Jx is the
half-sum of two diIerent points of STB(G(l−1)) that belong to P. Therefore, since Jx
is an extreme point, Jx= 13x
1 + 13x
5 + 13x
7.
Note that x5 and x7 do not belong to P. In what follows, we will show that Jx is not
an extreme point of P. To this end we will construct, from x1, x5 and x7, three diIerent
stable sets y1, y2 and y3 of G(l−1) that belong to P and such that Jx= 13y
1+ 13y
2+ 13y
3.
First, let z1 be the vector of RV (G
(l−1)) de/ned by
z1(w)=


x7(w) if w∈V1 ∪M (l−1) ∪ N (l−1)1 ∪ {v1};
x5(w) if w∈V2 ∪ N (l−1)2 ∪ {v2}:
(19)
z1 is the incidence vector of a stable set of G(l−1). Indeed, x7(v1)= x5(v2)= 0 and,
since x5(v1)= x7(v2)= 1, x5(M (l−1))= x7(M (l−1))= 0.
Let z= 13x
1 + 13 z
1.
Claim 4. There exist two extreme points y1 and z2 of STB(G(l−1)) such that
z= 13y
1 + 13 z
2;
y1(u1l )=y
1(u2l )= 1;
y1(v1)=y1(v2)= 0;
z2(w)= 0; ∀w∈M (l−1) ∪ {v1; v2; u1l ; u2l}: (20)
Proof. First, note that z(u1l )= z(u
2
l )=
1
3 , z(v1)= z(v2)= 0 and z=
2
3(
1
2x
1 + 12 z
1). Let
z′= 12x
1 + 12 z
1 and V+ = {w∈V (G(l−1)): z′(w)¿ 0}.
Since z1(M (l−1))= 0, M (l−1)∩V+ is a stable set of G(l−1). Also, since x1(Q)= 0 and
NG(l−1) (u1l ) ∩M (l−1) =NG(l−1) (u2l ) ∩M (l−1) =Q, the node-set (M (l−1) ∩ V+) ∪ {u1l ; u2l}
is a stable set of G(l−1). Moreover, as v1; v2 ∈ V+, Claim 1 implies that any two
nodes of (M (l−1) ∩V+)∪ {u1l ; u2l} form an even pair of G(l−1)(V+). Therefore, by the
/rst statement of Lemma 1, z′ is the half-sum of two extreme points y1 and z2 of
STB(G(l−1)) that satisfy system (20).
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Let y1 and z2 be the stable sets of Claim 4 and consider the two vectors y2 and y3
of RV (G
(l−1)) de/ned by
y2(w)=


z2(w) if w∈V1 ∪M (l−1) ∪ N (l−1)1 ∪ {v1};
x7(w) if w∈V2 ∪ N (l−1)2 ∪ {v2};
(21)
y3(w)=


x5(w) if w∈V1 ∪M (l−1) ∪ N (l−1)1 ∪ {v1};
z2(w) if w∈V2 ∪ N (l−1)2 ∪ {v2};
(22)
where y2 and y3 are the incidence vectors of two stable sets of G(l−1). Indeed,
x5(M (l−1))= x7(M (l−1))= 0 and z2(w)= 0; ∀w∈M (l−1) ∪ {v1; v2}.
The three diIerent stable sets y1, y2 and y3 belong to H1 ∩H2 and hence they
belong to P. Finally, it is easy to check that Jx= 13y
1 + 13y
2 + 13y
3, but this contradicts
the fact that Jx is an extreme point of P.
One can deduce from Theorem 6 that, under the same hypothesis, this operation
preserves h-perfection of graphs. In the following theorem, we show that linking a
two-pair v1, v2 by an edge preserves graph perfection for any common neighborhood
of v1 and v2.
Theorem 7. Let G=(V; E) be a graph with a two-pair v1; v2. Let us denote by G˜ the
graph obtained from G by adding the edge (v1; v2). If G is perfect then G˜ is perfect.
Proof. We shall show, without loss of generality, that G˜ is !˜-colorable; where !˜ is
the size of the largest clique of G˜.
Let N be the common neighborhood of v1 and v2 in G. Thus G(N ) is a disconnecting
subgraph of G. Let ! and !ˆ denote the sizes of the largest cliques of G and G(N ),
respectively. Clearly !6 !˜6! + 1. If !˜=! + 1 then, since G is perfect, we can
color G\{v1} with ! colors and we assign a new color to v1 and hence we get
an optimal coloring of G˜. Assume that !˜=!, which means that !ˆ=! − 2. Let
G1 =G(V1 ∪N ∪ {v1; v2}) and G2 =G(V2 ∪N ∪ {v1; v2}). G1 and G2 are subgraphs of
G so they are perfect. Let Gˆ1 (resp. Gˆ2) be the graph obtained from G1 (resp. G2) by
replacing the node v2 (resp. v1) by a clique K2 (resp. K1) of size !− !ˆ and adding all
possible edges between N and K2 (resp. K1). The substitution of cliques for nodes is
known to be a perfection preserving operation [19]. Therefore Gˆ1 and Gˆ2 are perfect.
The size of the largest clique of Gˆ1 and Gˆ2 is equal to !.
Consider now an optimal coloring of Gˆ1. As the nodes of N are colored with !ˆ
colors, there exist two colors, say black and white, such that v1 is white and all the
nodes of N are neither white nor black. We denote by S11 and S
1
2 the stable sets of
G(V1 ∪ N ∪ {v1}) induced, respectively, by the white color and the black color. Note
that S11 ∩ N = ∅, S12 ∩ N = ∅, and v1 ∈ S11 .
Similarly, there exist two stable sets S21 and S
2
2 of G(V2 ∪ N ∪ {v2}) such that
S21 ∩ N = ∅, S22 ∩ N = ∅, and v2 ∈ S21 .
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Consequently, S1 = S11 ∪ S22 and S2 = S12 ∪ S21 are stable sets of G that intersect all
cliques of size ! in G. Thus, the graph G\(S1 ∪ S2) is perfect (since it is a subgraph
of G) and the size of its largest clique is ! − 2. We can then extend any optimal
coloring of G\(S1 ∪ S2) to an optimal coloring of G by assigning to S1 and S2 two
new diIerent colors. The resulting optimal coloring of G is also an optimal coloring
of G˜ since !˜=!, S1 ∩ {v1; v2}= {v1} and S2 ∩ {v1; v2}= {v2}.
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